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Abstract. Let Fpm be a finite field with p
m elements, where p is an odd prime
and m is a positive integer. Recently, [19] and [35] determined the weight dis-
tributions of subfield codes with the form
Cf =
{(




: a, b ∈ Fpm , c ∈ Fp
}
for f(x) = x2 and f(x) = xp
k+1, respectively, where k is a nonnegative integer.
In this paper, we further investigate the subfield code Cf for f(x) being a known
perfect nonlinear function over Fpm and generalize some results in [19, 35]. The
weight distributions of the constructed codes are determined by applying the
theory of quadratic forms and the properties of perfect nonlinear functions over
finite fields. In addition, the parameters of the duals of these codes are also
determined. Several examples show that some of our codes and their duals have
the best known parameters with respect to the code tables in [16]. The duals of
some proposed codes are optimal with respect to the Sphere Packing bound if
p ≥ 5.
Keywords. Subfield code, perfect nonlinear function, quadratic form, weight
distribution, Sphere Packing bound.
1 Introduction
Let p be an odd prime and Fpm be a finite field of size p
m. An [n, k, d] code C over the finite field Fpm is a k-
dimensional linear subspace of Fnpm with minimum Hamming distance d. An [n, k, d] code is called distance-optimal
if there dose not exist [n, k, d+1] code [13]. The Hamming weight of a codeword c = (c0, c1, · · · , cn−1) ∈ C is the
number of nonzero ci for 0 ≤ i ≤ n− 1. Let Ai denote the number of nonzero codewords with Hamming weight
i in C. The weight enumerator of C is defined by 1 +A1x+A2x2 + · · ·+Anxn and the sequence (1, A1, · · · , An)
is called the weight distribution of C. The weight distribution of a code is used to estimate the error correcting
capability and compute the error probability of error detection and correction of the code [23]. The weight
distributions of linear codes have also application in cryptography and combinatorics. Hence, the research of the
weight distribution of a linear code is a hot topic in coding theory. The recent progress on weight distributions
of linear codes can be seen in [10, 11, 17, 18, 25, 26, 30–33,36, 38–40] and the references therein.
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|{x ∈ Fpm : f(x+ a)− f(x) = b}| = 1.
PN functions were first introduced to construct finite projective planes by Dembowski and Ostrom [9] in 1968.
Then looking for new non-equivalent PN functions aroused a lot of interest for many researchers in cryptography
since these functions are optimally resistant to linear and differential cryptanalysis when used in DES-like cryp-
tosystems. Up to now, all known PN functions from Fpm to Fpm with explicit expressions are equivalent to one
of the following polynomials [1, 2, 7, 9, 12, 37]:
• f1(x) = xp
k+1, where k ≥ 0 and 2 ∤ mgcd(m,k) (Dembowski and Ostrom [9]).
• f2(x) = x
pk+1
2 , where p = 3, 2 ∤ k, and gcd(m, k) = 1 (Coulter and Matthews [7]).
• f3(x) = x10 − βx6 − β2x2, where p = 3, 2 ∤ m and β ∈ F∗pm (Ding and Yuan [12]).
• f4(x) = βxp
k+1 − βpsxpls+p−ls+k , where β is a primitive element in Fpm , m = 3s, gcd(3, s) = 1, 2 ∤ sgcd(s,k) ,
k ≡ ±s (mod 3), l = 1 if s − k = 0 (mod 3) and l = −1 if s + k = 0 (mod 3) (Zha, Kyureghyan and
Wang [37]).
• f5(x) = (βx)p
k+1 − ((βx)pk+1)ps + ∑s−1i=0 cixp
i(ps+1), where m = 2s, both s and k are positive integers,




permutation polynomial of Fpm (Budaghyan and Helleseth [2]).








pi(ps+1), where m = 2s, both s and k are positive
integers, wi ∈ Fps , 2 ∤ mgcd(m,t−k) , β ∈ Fpm \ Fps and z = αr for α being a primitive element in Fpm and
gcd(pk−t + 1, ps + 1) ∤ r (Budaghyan and Helleseth [2]).
• f7(x) = xp
t+1 − βxp2s+ps+t , where m = 3s, s′ = sgcd(s,t) is odd, t′ = tgcd(s,t) , ord(β) = p2s + ps + 1, t′ + s′ ≡ 0
(mod 3) or ps ≡ pt (mod 3) (Bierbrauer [1]).
• f8(x) = xp
t+1 − βxp3s+pt+s , where m = 4s, 2 ∤ 2sgcd(2s,t) , ps ≡ pt ≡ 1 (mod 4), ord(β) = p3s + p2s + ps + 1
(Bierbrauer [1]).
Except for the Coulter-Matthews function f2(x), the other known PN functions have the algebraic degree 2.
Quadratic homogeneous polynomials are called DO polynomials. PN functions with the algebraic degree 2 are
called PN-DO functions. Then all known PN functions are divided into PN-DO functions and Coulter-Matthews
functions.
Subfield codes were first considered in [4] and [6] without using the name “subfield codes”. The definition
of subfield codes was first given by [5, p.5117] and a Magma function for subfield codes is actual operated.
Recently, Ding and Heng in [13] proved some basic results about subfield codes of linear codes and gave their
trace representation. Assume that Fpm = {x1, x2, · · · , xpm} and f(x) is a polynomial over Fpm . Let C be a




f(x1) f(x2) · · · f(xpm) 1
x1 x2 · · · xpm 0
1 1 · · · 1 0

 . (1)
Ding and Heng in [13] showed that the subfield code of C can be represented by the following trace form:
Cf =
{(




: a, b ∈ Fpm , c ∈ Fp
}
. (2)
For a general polynomial f(x), it is very hard to determine the Hamming weights and their corresponding
frequencies of codewords in Cf for (a, b, c) running through (Fpm ,Fpm ,Fp). But they obtained some distance-
optimal subfield codes with respect to the Sphere Packing bound from some well-known codes [19–22] (for example,
2
ovoid codes, hyperoval codes, conic codes, arc codes and MDS codes). In particular, Heng and Ding in [19] studied
the subfield code Cf with the form (2) for f(x) = x2. Later, Wang et al. [35] extended their work and studied
the subfield code Cf for f(x) = xp
k+1, where k is a nonnegative integer. For the other results about the subfield
codes of linear codes, the readers can refer to [3, 34].
Along the line of the work in [19, 35], in this paper, we further study the weight distribution of Cf and the
parameters of its dual for f(x) being a known PN function. Firstly, by applying the relation between the type
and rank of quadratic forms, we determine the weight distribution of Cf and the parameters of its dual for f(x)
being a known PN-DO function. Secondly, by solving some special equations over F3m and the Pless power-
moment identities, we determine the weight distribution of Cf and the parameters of its dual for f(x) being a
Coulter-Matthews function. Several examples show that some of our codes and their duals have the best known
parameters with respect to the code tables in [16]. The duals of some proposed codes are optimal with respect
to the Sphere Packing bound if p ≥ 5.
The remainder of this paper is organized as follows. In Section 2 we introduce some preliminary results. In
Section 3 and Section 4, the weight distribution of Cf and the parameters of its dual are determined for f(x)
being a known PN-DO function and a Coulter-Matthews function, respectively. Section 5 concludes the paper.
2 Preliminaries
Throughout this paper, we assume m is a positive integer and adopt the following notation unless otherwise
stated:
• Fpm is the finite field with pm elements and F∗pm = Fpm \ {0}.
• Tr(·) is the absolute trace function from Fpm to Fp.
• 0i is a vector with all entries being 0, where i is a nonnegative integer.
• η0 and η are the quadratic character over Fp and Fpm , respectively.
In the following, we recall some necessary preliminaries on quadratic forms over finite fields. A function f(x)
from Fpm to Fp can be viewed as an m-variable polynomial over Fp if we identify the finite field Fpm with an
m-dimensional vector space Fmp over Fp. The function f(x) is called a quadratic form if it is a homogenous
polynomial of degree two as follows:
f(x1, x2, · · · , xm) =
∑
1≤i≤j≤m
aijxixj , aij ∈ Fp,
where we fix a basis of Fmp over Fp and identify x ∈ Fpm with a vector (x1, x2, · · · , xm) ∈ Fmp . Then the rank of
the quadratic form f(x) is defined as the codimension of Fp-vector space
V = {x ∈ Fpm | f(x+ z)− f(x)− f(z) = 0, for all z ∈ Fpm},
which is denote by rank(f). For a quadratic form f(x) with m variables over Fp, there exists a symmetric
matrix A such that f(x) = XAXT , where X = (x1, x2, · · · , xm) ∈ Fmp and XT denote the transpose of X . The
determinant det(f) of f(x) is defined to be the determinant of A, and f(x) is non-degenerate if det(f) 6= 0.
There exists a nonsingular matrix M such that MAMT is a diagonal matrix. So, making a nonsingular linear
substitution X = YM with Y = (y1, y2, · · · , ym) to the quadratic form f(x), we have






i , ai ∈ Fp,
where r is the rank of f(x). In [14], η0(
∏r
i=1 ai) is called the type of f(x). It is clear that η0(det(f)) = η0(
∏r
i=1 ai)
if f is a non-degenerate quadratic form. For more information about quadratic form, the readers can refer to [27].
The following lemma is a well known result about solutions of non-degenerate quadratic forms, which will be used
to determine the weight distribution of Cf .
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Lemma 1 ( [27, Theorems 6.26 and 6.27]) Let f be a non-degenerate quadratic form in m variables over Fp.
Define a function ν(·) over Fp by ν(0) = p−1 and ν(ρ) = −1 for ρ ∈ F∗p. Then for b ∈ Fp the number of solutions












for odd m, where η0 is the quadratic character of Fp and denote η0(0) = 0.






The possible values of the quadratic Gauss sums are given as follows.




(−1)m−1pm2 , if p ≡ 1 (mod 4),
(−1)m−1
√
−1mpm2 , if p ≡ 3 (mod 4).
In order to obtain the parameters of the dual codes of the discussed subfield codes, we need the Pless power-
moment identities on linear codes. Let C be a [n, k] code over Fp, and denote its dual by C⊥. Let Ai and A⊥i
denote the number of codewords with weight i in C and C⊥, respectively. The first five Pless power-moment




















k−3[(p− 1)n(p2n2 − 2pn2 + 3pn− p+ n2 − 3n+ 2)− (3p2n2 − 3p2n− 6pn2 + 12pn





k−4[(p− 1)n(p3n3 − 3p2n3 + 6p2n2 − 4p2n+ p2 + 3pn3 − 12pn2 + 15pn− 6p− n3 + 6n2 − 11n+ 6)
− (4p3n3 − 6p3n2 + 4p3n− p3 − 12P 2n3 + 36p2n2 − 38p2n+ 14p2 + 12pn3 − 54pn2 + 78pn− 36p
− 4n3 + 24n2 − 44n+ 24)A⊥1 + (12p2n2 − 24p2n+ 14p2 − 24pn2 + 84pn− 72p+ 12n2 − 60n+ 72)A⊥2
− (24pn− 36p− 24n+ 72)A⊥3 + 24A⊥4 ].
The following two lemmas on the bounds of linear codes are well-known.










Lemma 4 [29] Let q be an odd prime power and Aq(n, d) be the maximum number of codewords of a q-ary code












3 The weight distribution of Cf for f(x) being a PN-DO function
In this section, we determine the weight distribution of Cf for f(x) being a PN-DO function from Fpm to Fpm .
Firstly, we show a relationship between the determinants det(Tr(f(x))) and det(Tr(af(x))), where a ∈ F∗pm and
f(x) is a DO polynomial over Fpm . This result is general and interesting.




Proof. Assume that f(x) =
∑
0≤i,j≤m−1 δijx
pi+pj , where δij ∈ Fpm . Let {v1, v2, · · · , vm} be a basis of Fpm over
Fp and each x ∈ Fpm be uniquely expressed as




















l for k, l ∈ {1, 2, · · · ,m} and δij = βiγj for some βi, γj ∈ F∗pm , where
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This completes the proof. 
Let Q(x) be a quadratic function from Fpm to Fp and rank(Q(x)) = m. Let
Nb,c = |{x ∈ Fpm |Q(x) + Tr(bx) = c}|, (3)
then the possible values of Nb,c are given as follows.
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pm−1, occur pm times,
pm−1 − pm−12 , occur 12 (p− 1)pm times,
pm−1 + p
m−1
2 , occur 12 (p− 1)pm times
if m is odd and
Nb,c =
{
pm−1 + ε0(p− 1)p
m−2
2 , occur pm times,
pm−1 − ε0p
m−2
2 , occur (p− 1)pm times
if m is even, where ε0 = (−1)
m(p−1)
4 η0(det(Q(x))).
Proof. Let {v1, v2, · · · , vm} be a basis of Fpm over Fp. Then x ∈ Fpm can be expressed as
x = x1v1 + x2v2 + · · ·+ xmvm.










bixi = c, (4)
where ai, bi ∈ Fp. Note that the number of x ∈ Fpm satisfying Q(x) + Tr(bx) = 0 equals the number of the tuple













The proof falls into the following two cases.





























pm−1, occur pm times,
pm−1 − pm−12 , occur 12 (p− 1)pm times,
pm−1 + p
m−1
2 , occur 12 (p− 1)pm times.






















where ν(·) is defined in Lemma 1. It is easy to check that η0((−1)
m
2 ) = (−1)m(p−1)4 and η0(det(Q(x))) =
η0(
∏m
i=1 ai) 6= 0 since rank(Q(x)) = m. When (b, c) runs through (Fpm ,Fp), we have
Nb,c =
{
pm−1 + ε0(p− 1)p
m−2
2 , occur pm times,
pm−1 − ε0p
m−2
2 , occur (p− 1)pm times,
where ε0 = (−1)
m(p−1)
4 η0(det(Q(x))). 
Recall that each codeword in Cf has the following form:
cf =
(
(Tr(af(x) + bx) + c)x∈Fpm ,Tr(a)
)
,
where a, b ∈ Fpm and c ∈ Fp. In the following, we first determine the possible values of wtH(cf ) when (a, b, c)
runs through (Fpm ,Fpm ,Fp).
6
Lemma 7 Let f(x) be a PN-DO function from Fpm to Fpm , cf be a codeword in Cf and Nb,c be defined in (3).















0, if c = 0, a = 0, b = 0,
pm, if c 6= 0, a = 0, b = 0,
(p− 1)pm−1 + σ, if Nb,c = pm−1,
(p− 1)pm−1 − pm−12 + σ, if Nb,c = pm−1 + p
m−1
2 ,
(p− 1)pm−1 + pm−12 + σ, if Nb,c = pm−1 − p
m−1
2























0, if c = 0, a = 0, b = 0,
pm, if c 6= 0, a = 0, b = 0,
(p− 1)pm−1, if a = 0, b 6= 0,
(p− 1)(pm−1 − εpm−22 ) + σ, if Nb,c = pm−1 + ε(p− 1)p
m−2
2 and η(a) = 1,
(p− 1)(pm−1 + εpm−22 ) + σ, if Nb,c = pm−1 − ε(p− 1)p
m−2
2 and η(a) = −1,
(p− 1)pm−1 + εpm−22 + σ, if Nb,c = pm−1 − εp
m−2
2 and η(a) = 1,
(p− 1)pm−1 − εpm−22 + σ, if Nb,c = pm−1 + εp
m−2
2 and η(a) = −1
if m is even, where ε = (−1)m(p−1)4 η0(det(Tr(f(x)))).





0, if c = 0, b = 0,
pm, if c 6= 0, b = 0,
(p− 1)pm−1, if b 6= 0.
When a 6= 0, from the expression of cf we know
wtH(cf ) = p
m + σ − |{x ∈ Fpm |Tr (af(x)) + Tr(bx) = −c}|. (5)
By the definition of PN-DO functions, it is easy to see that rank(Tr(af(x))) = m for any a ∈ F∗pm . If m is odd,







(p− 1)pm−1 + σ, if Nb,c = pm−1,
(p− 1)pm−1 − pm−12 + σ, if Nb,c = pm−1 + p
m−1
2 ,
(p− 1)pm−1 + pm−12 + σ, if Nb,c = pm−1 − p
m−1
2 .
If m is even, from Lemma 5 we have
η0(det(Tr(af(x)))) =
{
η0(det(Tr(f(x)))), if a is a square element in F
∗
pm ,
−η0(det(Tr(f(x)))), if a is a non-square element in F∗pm .










(p− 1)(pm−1 − εpm−22 ) + σ, if Nb,c = pm−1 + ε(p− 1)p
m−2
2 and η(a) = 1,
(p− 1)(pm−1 + εpm−22 ) + σ, if Nb,c = pm−1 − ε(p− 1)p
m−2
2 and η(a) = −1,
(p− 1)pm−1 + εpm−22 , if Nb,c = pm−1 − εp
m−2
2 and η(a) = 1,
(p− 1)pm−1 − εpm−22 , if Nb,c = pm−1 + εp
m−2
2 and η(a) = −1,
where ε = (−1)m(p−1)4 η0(det(Tr(f(x)))). This completes the proof. 
To determine the frequency of each Hamming weight of Cf , we still need the following result.
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Lemma 8 [19, Lemma 14] Let Fpm be the finite field of p
m elements, where p is an odd prime. Let η be the




a ∈ F∗pm | η(a) = ±1 and Tr(a) = 0
}∣
∣ =





∣{a ∈ F∗pm | η(a) = ±1 and Tr(a) 6= 0}
∣
∣ =
(p− 1)(pm−1 ± pm−22 (−1) (p−1)m4 )
2
.
With the above preparations, we now give the weight distribution of Cf and the parameters of its dual.
Theorem 9 Let f(x) be a PN-DO function from Fpm to Fpm and Cf be the linear code defined in (2). Then the
following statements hold.
(1) If m is odd, then Cf is a [pm + 1, 2m+ 1, (p− 1)pm−1 − p
m−1
2 ] code with weight distribution in Table 1. Its
dual has parameters [pm+1, pm−2m, 4], which is distance-optimal with respect to the Sphere Packing bound
for p ≥ 5.
Table 1: The weight distribution of Cf for m being odd
i Ai
0 1
(p− 1)pm−1 + 1 (pm − pm−1)pm
(p− 1)pm−1 ± pm−12 + 1 12 (pm − pm−1)(p− 1)pm
pm p− 1
(p− 1)pm−1 p(pm − 1) + pm(pm−1 − 1)
(p− 1)pm−1 ± pm−12 12 (pm−1 − 1)(p− 1)pm
(2) If m is even, then Cf is a [pm + 1, 2m + 1] code with weight distribution in Table 2, in which ε =
(−1)m(p−1)/4η0(det(Tr(f(x)))). Its dual has parameters [pm + 1, pm − 2m, 4], which is distance-optimal
with respect to the Sphere Packing bound for p ≥ 5.




(p− 1)pm−1 p(pm − 1)
(p− 1)(pm−1 ± εpm−22 ) + 1 12 (pm − pm−1 ∓ (p− 1)p
m−2
2 (−1) 14 (p−1)m)pm
(p− 1)pm−1 ± εpm−22 + 1 12 (pm − pm−1 ± (p− 1)p
m−2
2 (−1) 14 (p−1)m)(p− 1)pm
(p− 1)(pm−1 ± εpm−22 ) 12 (pm−1 − 1± (p− 1)p
m−2
2 (−1) 14 (p−1)m)pm
(p− 1)pm−1 ± εpm−22 12 (pm−1 − 1∓ (p− 1)p
m−2
2 (−1) 14 (p−1)m)(p− 1)pm
Proof. Let cf be a codeword in Cf . It is easy to see that when a = 0 and (b, c) runs over (Fpm ,Fp), the number of
wtH(cf ) being p
m or (p− 1)pm−1 is p− 1 or p(pm− 1), respectively. When m is odd, the multiplicities of possible
values of wtH(cf ) for (a, b, c) running through (F
∗
pm ,Fpm ,Fp) can be shown easily by Lemma 6. In the following,

















































(a, b, c) ∈ (F∗pm ,Fpm ,Fp) | wtH(c(a, b, c)) = (p− 1)pm−1 + εp
m


















(pm − pm−1 − (p− 1)pm−22 (−1) 14 (p−1)m)pm.
By similar calculations, we can get the values of N−1,1,0, N−1,1,1, N0,−1,0, N0,−1,1, N0,1,0 and N0,1,1. Then the
weight distribution of Cf is obtained in Table 2.
From Table 1, Table 2 and the first five Pless power-moment identities, we know that the dual of Cf has

























Then dH(C⊥f ) ≤ 6 if p = 3 and dH(C⊥f ) ≤ 4 if p ≥ 5. Hence, C⊥f is optimal with respect to the Sphere Packing
bound if p ≥ 5. 
Remark 10 Assume that f(x) = xp
k+1 is a PN function, where k is a non-negative integer. By making a



















where ai ∈ Fp for i = 1, 2, · · · ,m. From [8, Theorem 1], we see η0(det(Tr(f(x)))) = −1 since η0(det(Tr(f(x)))) =
η0(
∏m
i=1 ai). Substituting the value of ε = −(−1)
m(p−1)
4 into Table 2, then we obtain [19, Theorem 16] and [35,
Theorem 12]. This means that those results can be seen as a special case of Theorem 9.
Example 11 Let Cf be the linear code in Theorem 9.
(1) If p = 5, m = 2, f(x) = x2 or x2 − x10 + x6, then η0(det(Tr(f(x)))) = −1. So, Cf has parameters [26, 5, 16]
and weight enumerator 1 + 100x16 + 200x17 + 1320x20 + 400x21 + 800x22 +304x25. Its dual has parameters
[26, 21, 4].
(2) If p = 5, m = 2, f(x) = ξx2 or ξ(x2−x10+x6) for ξ being a primitive element in F52 , then η0(det(Tr(f(x)))) =
1. So, Cf has parameters [26, 5, 17] and weight enumerator 1+300x17+400x19+920x20+1200x22+24x100+
204x25. Its dual has parameters [26, 21, 4].
(3) If p = 3, m = 3, f(x) = x4 or x10 − x6 − x2, then Cf has parameters [28, 7, 15] and weight enumerator
1 + 216x15 + 486x16 + 294x18 + 486x19 + 216x21 + 486x22 + 2x27. Its dual has parameters [28, 21, 4].
9
All of these codes and their duals are optimal or almost optimal with respect to the code tables in [16]. These
results have been verified by Magma.
By deleting the last coordinate of the codewords of Cf , the punctured code of Cf has the form
C̄f =
{(
(Tr (af(x) + bx) + c)x∈Fpm
)
: a, b ∈ Fpm , c ∈ Fp
}
, (6)
where f(x) is a PN-DO function from Fpm to Fpm . The weight distribution of this punctured code can be directly
derived from Table 1 and Table 2, which is the same with the results presented in [24, Theorem 2].
Corollary 12 Let f(x) be a PN-DO function from Fpm to Fpm and C̄f be the linear code defined in (6). Let C̄⊥f
denote the dual of C̄f , then the following statements hold.
(1) If m is odd, then C̄f is a [pm, 2m+ 1, (p− 1)pm−1 − p
m−1









0, occur 1 time,
(p− 1)pm−1, occur (pm − 1)(pm−1 + 1)p times,
(p− 1)pm−1 ± pm−12 , occur 12 (pm − 1)pm(p− 1) times,
pm, occur p− 1 times.
(2) If m is even, then C̄f is a [pm, 2m+ 1, (p− 1)(pm−1 − p
m−2












0, occur 1 time,
(p− 1)pm−1, occur (pm − 1)p times,
(p− 1)pm−1 ± (p− 1)pm−22 , occur 12 (pm − 1)pm times,
(p− 1)pm−1 ± pm−22 , occur 12 (pm − 1)(p− 1)pm times,
pm, occur p− 1 times.
(3) If p = 3 and m > 1, C̄⊥f has parameters [3m, 3m − 2m − 1, 5], which is distance-optimal with respect to
Lemma 4. If p > 3, C̄⊥f has parameters [pm, pm − 2m− 1, 4], which is distance-optimal with respect to the
Sphere Packing bound.
Proof. The weight distribution of C̄f can be derived easily from Theorem 9 and we omit the details here. By
the first five Pless power-moment identities, we obtain dH(C̄⊥f ) > 4 if p = 3 and dH(C̄⊥f ) = 4 if p ≥ 5. From the
Sphere Packing bound, we know that C̄⊥f is distance-optimal with respect to the Sphere Packing bound if p ≥ 5
and dH(C̄⊥f ) ≤ 6 if p = 3 and m > 1 (If m = 1 and p = 3, then C̄f is a [3, 3, 1] code and C̄⊥f = 0).
Assume that there exists a ternary linear code with parameters [3m, 3m − 2m− 1, 6]. Applying Lemma 4, we




1 + 2(3m − 1)2 ,
which is impossible since m > 1. Hence, dH(C̄⊥f ) = 5 and C̄⊥f is optimal with respect to Lemma 4 if p = 3. 
Example 13 Let C̄f be the linear code in Corollary 12.
(1) If p = 5, m = 2, f(x) = x2 or x2 − x10 + x6, then C̄f has parameters [25, 5, 16] and weight enumerator
1 + 300x16 + 1200x19 + 120x20 + 1200x21 + 300x24 + 4x25. Its dual has parameters [26, 21, 4].
(3) If p = 3, m = 3, f(x) = x2 or x10 − x6 − x2, then C̄f has parameters [27, 7, 15] and weight enumerator
1 + 702x15 + 780x18 + 702x21 + 2x27. Its dual has parameters [27, 20, 5].
All of these codes and their duals are optimal or almost optimal with respect to the code tables in [16]. These
results have been verified by Magma.
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4 The weight distribution of Cf for f(x) being a Coulter-Matthews
function
In this section, we determine the weight distribution of Cf for f(x) being a Coulter-Matthews function from F3m
to F3m and investigate the parameters of the dual of Cf , where f(x) = x
3k+1
2 for 2 ∤ k and gcd(m, k) = 1. We
start with the following lemma, which is the key for us to determine the number of codewords with weight 4 in
the dual of Cf .
Lemma 14 Let f(x) = x
3k+1
2 , where 2 ∤ k and gcd(m, k) = 1. Let u ∈ F3m and Nu denote the number of
solutions of the system of equations:
{
x+ y + z = 0,
f(x) + f(y) + f(z) + u = 0.
(7)





3m, if u = 0,
2 · 3m, if u is a square element in F3m ,
0, if u is a nonsqaure element in F3m .
Proof. If u = 0, the result is given by [28, Lemma 5] and N0 = 3
m. In the following, we only prove the result for
u 6= 0 and the proof falls into two cases.
Case 1: u is a non-square element in F3m . If z = 0, then we have x
3k+1




m − 1) = 2. Hence, Nu = 0 for z = 0. If z 6= 0, when (x, y, z) runs over F33m , the value of Nu is equal
to the number of solutions of the system of equations:
{







2 + 1) + u = 0.
(8)





2 + (−x− 1) 3
k+1
2 + 1) = −u.





2 + (x− 1) 3
k+1
2 + 1) = −u. (9)
Let θ be a root of t2 − xt+ 1 = 0, then θ ∈ F32m and x = θ + θ−1. Hence, the equation (9) is reduced to
z
3k+1
2 ((θ + θ−1 + 1)
3k+1
2 + (θ + θ−1 − 1) 3
k+1
2 + 1) = −u. (10)
Multiplying θ
3k+1
2 on both sides of (10), we have
z
3k+1
2 ((θ2 − 2θ + 1) 3
k+1











k+1 + 1) + θ
3k+1


















4 = D 3k+1
4
(















4 )2 is a square element in F3m since
3k+1
2 is even. But
u is a non-square element in F3m . So, there doesn’t exist θ such that (11) holds, i.e., there don’t exist x, y, z such
that (7) holds.
Case 2: u is a square element in F3m . In this case, it is easy to show that Nu is equal to the number of
solutions of the system of equations:
{









2 u = 0,
(12)
where t ∈ F∗3m . When t runs over F∗3m , ut
3k+1
2 runs over all square elements in F∗3m since gcd(
3k+1
2 , 3
m − 1) = 2.
So, Nu is the same for all square elements u in F
∗
3m . From Case 1 we have








where SQ is the set of the square elements in F∗3m . Hence, Nu = 2 · 3m. 
The following two lemmas will determine the number of codewords with weight i in the dual of Cf for
1 ≤ i ≤ 4.
Lemma 15 Let Cf be the linear code defined in (2) and C⊥f denote its dual over F3. Let f(x) = x
3k+1
2 , where 2 ∤ k
and gcd(m, k) = 1. Assume that A⊥i is the number of codewords with weight i in C⊥f . Then A⊥1 = A⊥2 = A⊥3 = 0.
Proof. We prove this result from the following three cases.
Case 1: Assume that there is a codeword c⊥ ∈ C⊥f with wtH(c⊥) = 1. Then c⊥ must have the form (0, α)
since (1, 0) ∈ Cf , where α ∈ F∗3, 0 and 1 are vectors of length 3m with all entries being 0 and 1, respectively.
However, for any Tr(a) 6= 0, there is a codeword (u,Tr(a)) ∈ Cf such that (u,Tr(a))(0, α) 6= 0, where u is a
vector of length 3m. Hence, A⊥1 = 0.
Case 2: Assume that there is a codeword c⊥ ∈ C⊥f with wtH(c⊥) = 2. Then c⊥ must have the form
(01, α,02,−α,03) or (α,01,−α,02) since (1, 0) ∈ Cf , where α ∈ F∗3. Recall that a codeword in Cf has the form
cf =
(
(Tr(af(x) + bx) + c)x∈Fpm ,Tr(a)
)
. (13)
Set c = 0. Then there exist two distinct elements x, y ∈ F3m such that
αTr(ax
3k+1
2 + bx)− αTr(ay 3
k+1








2 ) + b(x+ y)
)
= 0
for any a, b ∈ Fpm . This is impossible. Hence, A⊥2 = 0.
Case 3: Assume that there is a codeword c⊥ ∈ C⊥f with wtH(c⊥) = 3. If the last entry of c⊥ is zero, then c⊥
must have the form (01, α1,02, α2,03, α3,04) or (α1,01, α2,02, α3,03), where α1, α2, α3 ∈ F∗3. Since a codeword













α1x+ α2y + α3z = 0,










x+ y + z = 0.
(14)
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From Lemma 14 we know that (14) holds if and only if x = y = z. Hence, there doesn’t exist c⊥ ∈ C⊥f with
wtH(c
⊥) = 3 if the last entry of c⊥ is zero.
If the last entry of c⊥ is nonzero, then c⊥ must have the form (01, α1,02, α2,03, α3) or (α1,01, α2,02, α3).










2 + α3 = 0,
α1x+ α2y = 0,
α1 + α2 = 0,
which is impossible. Hence, A⊥3 = 0. 
Lemma 16 Follow the notation introduced above. Then A⊥4 = 4 · 3m−1 if m is even and A⊥4 = 2 · 3m−1 if m is
odd.
Proof. Assume that there is a codeword c⊥ ∈ C⊥f with wtH(c⊥) = 4. If the last entry of c⊥ is zero, then c⊥ must
have the form (01, α1,02, α2,03, α3,04, α4,05) or (α1,01, α2,02, α3,03, α4,04), where α1, α2, α3, α4 ∈ F∗3. Since a















α1x+ α2y + α3z + α4u = 0,
α1 + α2 + α3 + α4 = 0.
(15)
Since α1, α2, α3, α4 ∈ F∗3, from the last equation of (15), we know that two of α1, α2, α3, α4 must be the same.








2 − y 3
k+1
2 ,
x− z = y − u.
(16)
Let x− z = β. Then (16) is reduced to
(z + β)
3k+1
2 − z 3
k+1
2 = (y + β)
3k+1
2 − y 3
k+1
2 .
This is impossible since x
3k+1
2 is a PN function and y 6= z. Hence, there doesn’t exist c⊥ ∈ C⊥f with wtH(c⊥) = 4
if the last entry of c⊥ is zero.
If the last entry of c⊥ is nonzero, then c⊥ has the form (01, α1,02, α2,03, α3,04, α4) or (α1,01, α2,02, α3,03, α4).












2 + α4 = 0,
α1x+ α2y + α3z = 0,
α1 + α2 + α3 = 0.
(17)
From the last equation of (17), we know that α1, α2, α3 must be the same. So, the possible values of (α1, α2, α3, α4)









2 + 1 = 0,
x+ y + z = 0.
(18)
From Lemma 14, the number of (x, y, z) ∈ F33m satisfying (18) is 2 · 3m. If (α1, α2, α3, α4) = (1, 1, 1, 2) or








2 + 2 = 0,
x+ y + z = 0.
(19)
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It is clear that 2 is square or non-square element in F3m if m is even or odd, respectively. From Lemma 14, the
number of (x, y, z) ∈ F33m satisfying (19) is 2 · 3m or 0 if m is even or odd, respectively.
Hence, the number of (x, y, z) ∈ F33m satisfying (17) is 8 · 3m if m is even and 4 · 3m if m is odd, respectively.
This means that A⊥4 = 4 · 3m−1 if m is even and A⊥4 = 2 · 3m−1 if m is odd. 










: a, b ∈ Fpm , c ∈ Fp
}
. (20)
The following result is useful for us to determine the weight distribution of Cf , which is given by [24].
Lemma 17 [24, Theorem 2] Let C̄f be defined in (20) and f(x) = x
3k+1
2 , where 2 ∤ k and gcd(m, k) = 1.
(1) If m is odd, then C̄f is a [3m, 2m+ 1, 2 · 3m−1 − 3
m−1










0, occur 1 time,
2 · 3m−1, occur (3m − 1)(3m + 3) times,
2 · 3m−1 ± 3m−12 , occur (3m − 1)3m times,
3m, occur 2 times.
(2) If m is even, then C̄f is a [3m, 2m+ 1, 2(3m−1 − 3
m−2














0, occur 1 time,
2 · 3m−1, occur 3m+1 − 3 times,
2(3m−1 ± 3m−22 ), occur 12 (3m − 1)3m times,
2 · 3m−1 ± 3m−22 , occur (3m − 1)3m times,
3m, occur 2 times.
With the above preparations, we now give the weight distribution of Cf for f(x) = x
3k+1
2 , where 2 ∤ k and
gcd(m, k) = 1.
Theorem 18 Let Cf be the linear code defined in (2) and f(x) = x
3k+1
2 , where 2 ∤ k and gcd(m, k) = 1. Then
the following statements hold.
(1) If m is odd, then Cf is a [3m + 1, 2m+ 1, 2 · 3m−1 − 3
m−1
2 ] code with weight distribution in Table 3. Its dual
has the parameters [3m + 1, 3m − 2m, 4].




2 · 3m−1 32m−1 + 2 · 3m − 3
2 · 3m−1 + 1 (3m − 3m−1)3m
2 · 3m−1 ± 3m−12 (3m−1 − 1)3m
2 · 3m−1 ± 3m−12 + 1 (3m − 3m−1)3m
(2) If m is even, then Cf is a [3m + 1, 2m+ 1, 2 · 3m−1 − 2 · 3
m−2
2 ] code with weight distribution in Table 4. Its
dual has the parameters [3m + 1, 3m − 2m, 4].
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2 · 3m−1 3(3m − 1)





2(3m−1 ± 3m−22 ) + 1 32m−1 ± 3 3m−22
2 · 3m−1 ± 3m−22 32m−1 − 3m ± 2 · 3 3m−22
2 · 3m−1 ± 3m−22 + 1 2(32m−1 ∓ 3 3m−22 )
Proof. Let cf be a codeword in Cf . It is easy to see that when a = 0 and (b, c) runs over (F3m ,F3), the number
of wtH(cf ) being 3
m or 3m−1 is 2 or 3m+1 − 3, respectively. We only prove the weight distribution of Cf for m
being even. The case for m being odd can be derived similarly.
From Lemma 17, we know that nonzero weights of Cf for a 6= 0 are as follows:
2(3m−1 ± 3m−22 ), 2(3m−1 ± 3m−22 ) + 1, 2 · 3m−1 ± 3m−22 , 2 · 3m−1 ± 3m−22 + 1.
Let w1 = 2(3
m−1 + 3
m−2
2 ), w2 = 2(3
m−1 − 3m−22 ), w3 = 2(3m−1 + 3
m−2
2 ) + 1, w4 = 2(3
m−1 − 3m−22 ) + 1,
w5 = 2 · 3m−1 + 3
m−2
2 , w6 = 2 · 3m−1 − 3
m−2
2 , w7 = 2 · 3m−1 + 3
m−2
2 + 1 and w8 = 2 · 3m−1 − 3
m−2
2 + 1. Let Awi
denote the number of codewords with weight wi for 1 ≤ i ≤ 8. From the representation of the codeword in Cf
and Lemma 17, we have
{




Aw5 +Aw7 = Aw6 +Aw8 = (3
m − 1)3m. (21)


























iAwi = 16 · 36m−3 + 112 · 35m−3 + 236 · 34m−3 + 226 · 33m−3 + 2 · 32m − 2(3m)4 − (3m+1 − 3)(2 · 3m−1)4.
(22)
From the equations (21) and (22), we get Aw1 = (3






2 , Aw4 = 3
2m−1 − 3 3m−22 , Aw5 = 32m−1 − 3m + 2 · 3
3m−2
2 , Aw6 = 3
2m−1 − 3m − 2 · 3 3m−22 ,
Aw7 = 2(3
2m−1 − 3 3m−22 ), Aw8 = 2(32m−1 + 3
3m−2
2 ).
The parameters of the dual of Cf is easily obtained from Lemmas 15 and 16. This completes the proof. 
Example 19 Let Cf be the linear code in Theorem 18.
(1) If p = 3, m = 2, f(x) = x2, then Cf has parameters [10, 5, 4] and weight enumerator 1 + 18x4 + 18x5 +
96x6 + 36x7 + 36x8 + 38x9. Its dual has parameters [10, 5, 4].
(2) If p = 3, m = 3, f(x) = x2, then Cf has parameters [28, 7, 15] and weight enumerator 1+ 216x15 +486x16 +
294x18 + 486x19 + 216x21 + 486x22 + 2x27. Its dual has parameters [28, 21, 4].
(3) If p = 3, m = 4, f(x) = x14, then Cf has parameters [82, 9, 48] and weight enumerator 1 + 1296x48 +
1944x49+1620x51+4860x52+240x54+2592x57+3888x58+60x810+2430x6+2x81. Its dual has parameters
[82, 73, 4].
All of these codes and their duals are optimal or almost optimal with respect to the code tables in [16]. These
results have been verified by Magma.
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5 Conclusion
This paper studied the linear code Cf given in (2), which is a subfield code of the linear code from a known PN
function f(x) and generalized some results in [19, 35]. Some linear codes presented in this paper are optimal or
almost optimal. Specifically, the main work is summarized as follows:
• In Section 3 and Section 4, we obtained the weight distribution of the subfield code Cf for f(x) being a PN-DO
function and a Coulter-Matthews function, respectively, and determined the parameters of the dual of Cf .
• Lemma 5 shows a relation between determinants of two related quadratic forms. This general result maybe
helpful for application of quadratic forms.
• In Theorem 9, the dual of Cf is a p-ary MDS code with parameters [p+ 1, p− 2, 4] if m = 1.
• Example 11, Example 13 and Example 19 showed some optimal or almost optimal codes with respect to the
code tables in [16].
References
[1] J. Bierbrauer, New semifields, PN and APN functions, Des. Codes Cryptogr. 54, 189-200 (2010).
[2] L. Budaghyan, T. Helleseth, New perfect nonlinear multinomials over Fp2k for any odd prime p, LNCS 5203,
403-414 (2008).
[3] X. Can, Y. Wen, Two families of subfield codes with a few weights, Cryptogr. Commun. DOI:
10.1007/s12095-020-00457-9 (2020).
[4] A. Canteaut, P. Charpin, H. Dobbertin, Weight divisibility of cyclic codes, highly nonlinear functions on
F2n , and crosscorrelation of maximum-length sequences, SIAM Disc. Math. 13(1), 105-138 (2000).
[5] J. Cannon, W. Bosma, C.Fieker, E. Stell, Handbook of Magma Functions, Version 2.19, Sydney, 2013.
[6] C. Carlet, P. Charpin, V. Zinoviev, Codes, bent functions and permutations suitable For DES-like cryp-
tosystems, Des. Codes Cryptogr. 15(2), 125-156 (1998).
[7] R. S. Coulter and R. W. Matthews, Planar functions and planes of Lenz-Barlotti Class II, Des. Codes
Cryptogr. 10, 167-184 (1997).
[8] R. S. Coulter, Explicit evaluations of some Weil sums, Acta Arith. 83, 241-251 (1998).
[9] P. Dembowski, T. G. Ostrom, Planes of order n with collineation groups of order n2, Math. Z. 193, 239-258
(1968).
[10] C. Ding, Linear codes from some 2-designs, IEEE Trans. Inf. Theory 61(6), 3265-3275 (2015).
[11] C. Ding, A construction of binary linear codes from Boolean functions, Discrete Math. 339(9), 2288- 2303
(2016).
[12] C. Ding and J. Yuan, A family of skew Hadamard difference sets, J. comb. Theory, Series A 113, 1526-1535
(2006).
[13] C. Ding, Z. Heng, The subfield codes of ovoid codes, IEEE Trans. Inf. Theory 65(8), 4715-4729 (2019).
[14] S. Draper, X. Hou, Explicit evalution of certain exponential sums of quadratic functions over Fpm , p odd,
arXiv: 0708.3619vl.
[15] K. Feng, J. Luo, Value distributions of exponential sums from perfect nonlinear functions and their appli-
cation, IEEE Trans. Inf. Theory 53(9), 3035-3041(2007).
16
[16] M. Grassl, Bounds on the minimum distance of linear codes, available online at http://www.codetables.de.
[17] Z. Heng, Q. Yue, A construction of q-ary linear codes with two weights, Finite Fields Appl. 48, 20-42 (2017).
[18] Z. Heng, Q. Yue, Evaluation of the Hamming weights of a classes of linear codes based on Gauss sums, Des.
Codes Cryptogr. 83, 307-326 (2017).
[19] Z. Heng, C. Ding, The subfield codes of Hyperoval and Conic codes. Finite Fields Appl. 56, 308-331 (2019).
[20] Z. Heng, C. Ding, W. Wang, Optimal binary linear codes from maximal arcs, IEEE Trans. Inf. Theory
66(9), 5387-5394 (2020).
[21] Z. Heng, Q. Wang, C. Ding: Two families of optimal linear codes and their subfield codes, IEEE Trans. Inf.
Theory 66(11), 6872-6883 (2020).
[22] Z. Heng, C. Ding, The subfield codes of [q + 1, 2, q] MDS codes, arXiv: 2008.0069v2.
[23] T. Kløve, Codes for Error Detection, Hackensack, NJ: world Scientific, 2007.
[24] C. Li, S. Ling, L. Qu, On the Covering Structures of Two Classes of Linear Codes From Perfect Nonlinear
Functions, IEEE Trans. Inf. Theory 55(1), 70-82 (2009).
[25] F. Li, Q. Wang, D. Lin, A class of three-weight and five-weight linear codes, Discrete Appl. Math. 241,
25-38 (2018).
[26] G. Luo, X. Cao, S. Xu, J. Mi, Binary linear codes with two or three weights from niho exponents, Cryptogr.
Commun. 10, 301-318 (2018).
[27] R. Lidl, H. Niederreiter, Finite Fields, Encyclopedia of Mathematics, Vol. 20, Cambridge University Press,
Cambridge, 1983.
[28] G. J. Ness, T. Helleseth, A. Kholosha, On the correlation distribution of the Coulter-Matthews decimation,
IEEE Trans. Inf. Theory 52(5), 2241-2247 (2006).
[29] S. Y. EI Rouayheb, C. N. Georghiades, E. Soljanin, A. Sprintson, Bounds on codes based on graph theory,
IEEE Int. Symp. on Inf. Theory. Nice, France, June, 1876-1879 (2007).
[30] C. Tang, Y. Qi, D. Huang, Two-weight and three-weight linear codes from square functions, IEEE Commun.
Lett. 20, 29-32 (2015).
[31] C. Tang, N. Li, Y. Qi, Z. Zhou, T. Helleseth, Linear codes with two or three weights from weakly regular
bent functions, IEEE Trans. Inf. Theory 62(3), 1166-1176 (2016).
[32] P. Tan, Z. Zhou, D. Tang, T. Helleseth, The weight distribution of a class of two-weight linear codes derived
from Kloosterman sums, Cryptogr. Commun. 10, 291-299 (2018).
[33] X. Wang, D. Zheng, H. Liu, Several classes of linear codes and their weight distributions, Appl. Algebra
Eng. Commun. Comput. 30, 75-92 (2019).
[34] X. Wang, D. Zheng, The subfield codes of several classes of linear codes, Cryptogr. Commun. 12, 1111-1131
(2020).
[35] X. Wang, D. Zheng, Y. Zhang, A class of subfield codes of linear codes and their duals, Cryptogr. Commun.
DOI: 10.1007/s12095-020-00460-0.
[36] Y. Xia, C. Li, Three-weight ternary linear codes from a family of power functions, Finite Fields Appl. 46,
17-37 (2017).
17
[37] Y. Zha, G. M. Kyureghyan, X. Wang, Perfect nonlinear binomials and their semifields, Finite Fields Appl.
15(2), 125-133 (2009).
[38] Z. Zhou, C. Ding, Seven classes of three-weight cyclic codes, IEEE Trans. Inf. Theory 61(10), 4120-4126
(2013).
[39] Z. Zhou, C. Ding, A class of three-weight cyclic codes, Finite Fields Appl. 25, 79-93 (2014).
[40] Z. Zhou, N. Li, C. Fan, T. Helleseth, Linear codes with two or three weights from quadratic bent functions,
Des. Codes Cryptogr. 81, 1-13 (2015).
18
